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ABSTRACT

Numericalerrorestimatesreusefulto evaluatetheapplicability of overlandandgroundvaterflow
models,andverify the validity of their results.In this paper methodsof estimatingnumericaler
rorsaredevelopedandthenappliedto evaluatethe numericalaccurag of the SouthFloridaWater
ManagemeniModel SFWMM. Analytical expressiondor errorsgeneratediuring the propaga-
tion of disturbanceslueto well pumping,boundarywaterlevel changesandrainfall areobtained
for steadyandtransientconditionsusing Fourier analysisof the linearizedgoverningequations.
Differentsituationsunderwhich truncationerrorsareintroducedinto models,andtheir variation
with the spatialandtemporaldiscretizatiorarediscussedNumericalexperimentsarecarriedout
with the MODFLOW model,anda numberof implicit and explicit modelsto verify the results.
Dimensionlesparameterareusedin the expressionso thatthe resultscanbe usedto determine

discretizatiorerrorsin in arny existing or new finite differencemodelof regionalor local scale.



INTRODUCTION

The numberof computermodelsusedto simulatevariousoverlandflow and groundvater flow

conditionshasincreasedecentlydueto the increasedeedto analyzeenvironmental agricultural
anddevelopmentalssuesln SouthFlorida,modelsof differentscalesareusedfor planning,man-
agementandregulation of waterresources.Regional modelsare usedmostly to addressssues
relatedto planningand managemenof waterresourceswhile mediumandsmall scalemodels,
with county-wideandlocal coveragesare usedfor regulatory and permitting applications. The

multi-ageng effortsto implementherestoratiorof the Evergladeshave alsoincreasedheinterest
in, andrequiremenfor variousmodelingefforts. As aresultof the multiple andoverlappinguse
of models,the needto understandand properly apply andinterpretthe resultsof thesemodels
hasincreasedyreatly Thecurrentstudyis aimedat understandingherelationshipsamongspatial
andtemporaldiscretizationsandnumericalerrorsof groundwaterandsurfacewatermodels.Both

steadyandunsteadycasesreinvestigatedor a variety of applicationausedin SouthFlorida.

Most groundvater and overlandflow modelsare basedon applying a numericalmethodto
solve a parabolicpartial differentialequationthatis sometimegeferredto asthe diffusion equa-
tion. Diffusion flow modelsof varying resolutionsare usedto examinehydrologic processesit
differentscales.Numericalmodelsof any scalecontainuncertaintiedueto inaccuraciesn the
inputs, parametersand algorithms. Input uncertaintyis dueto inaccurateor inadequatespatial
andtemporalinput datasuchasrainfall, andevapotranspirationThis causeof uncertaintycanbe

reducedby improving the dataquality andthe densityof the datacollectionnetwork. Parameter



uncertaintyis mainly dueto inaccuratevaluesof spatially varying physicalcharacteristicsThis
error canbe reducedsomavhatby calibration(Neuman,1973,Willis andYeh,1987,Lal, 1995).
Numericalerrorsareconsideredo bethe sourceof algorithmuncertaintydiscussedn the present
paper Variousunconditionallystablenumericalmethodsusingimplicit or other methodshave
madeit possiblefor modelergo usealmostary discretizationwith computermodels.Unlike ex-
plicit methodswherethereis someerrorcontrolbecausef thestability condition,implicit models
suchasMODFLOW needguidelinesto selectdiscretizationso thatthe erroris known andcon-

trolled.

RichtmyerandMorton (1967)have compiledmary of the basicdevelopmentdehindconsis-
tengy, cornvergenceandstability of parabolicandotherproblems.In mary of theearlyapplications,
the primary methodof numericalerror controlis to usea discretizatiorthat satisfieshe stability
conditionsderived using Von Neumanand other methods. Error analysisof partial differential
equationsgenerallyprovides an orderof-magnitudeestimate. Error control is commonly used
whensolvinginitial valueproblemsthatinvolve ordinarydifferentialequationsasin the Runge-
Kutta-Fehlbey methodandthe Adamsvariablestep-sizepredictorcorrectormethod(Burdenand
Fairs, 1985). Andersonand Woessne(1991) suggestedhat empiricalmethodsbasedon model
convergenceshouldbe appliedto control numericalerrorsin MODFLOW applications. Hirsch
(1989)useda methodfor erroranalysisbasedn linearizationandFourier Analysis. This method,
whichis similar to the Von Neumanmethodfor stability analysis hasbeenusedfor diffusionand

otherequationsLal (1998)usedthe samemethodwith additionalexpressionglerivedfor compu-



tationaltimeto evaluateandcomparghe computationaperformancesf variousnumericaimodels
usedto solve diffusionequations.The subjectof erroranalysisandoutputevaluationhasbecome
increasinglyymportantbecausehe spaceandtime discretizationsisedin somemodelapplications
arearbitrarily chosenTheuseof unconditionallystableimplicit methodshasalsocomplicatedhe
useof the stability conditionasan error control. The currentstudy extendsthe ideasof Fourier
analysisusedby Hirsch (1989) andLal (1998a)to develop expressiondor numericalerrorsof

mary groundvaterflow andoverlandflow models.

Numericalerrorsare introducedwhenthe solutionto the governing partial differential equa-
tionsis representedby discretevaluesin the model,and whenthesediscretevaluesare usedin
numericalcomputationsn thefinite differencemethod.Numericalerrorsintroducedn therepre-
sentationof dataandduring computationsarediscussedn the presenfpaper Stressesnderrors
dueto conditionscommonin SouthFloridasuchasvariablewaterlevelsin canalsyariablepump-
ing ratesin wells, and variablerainfall are analyzedseparately The principle of superposition
makesit possibleto combinethesecases.Theerroranalysisis conductedor anarbitraryFourier
componentand the steadystate. The resultsare presentedn dimensionlesgorms and verified
usingMODFLOW andothermodels.Theresultscanbe usedin awide variety of practicalprob-
lemsto determinenumericalerror. An applicationof the methodis presentedo demonstratéhe

evaluationof anoverlandflow modelanda groundvaterflow modelfor SouthFlorida.

NUMERICAL SOLUTION OF THE DIFFUSION EQUATION

Two dimensionalgroundvaterflow andoverlandflow canbe explainedusingthe following gov-
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erningequation.For overlandflow, theequations derivedby neglectingtheinertiatermsin the St

Venantequations(HromadkaandLai, 1985,Lal, 1998).

oH o0 oH 0 oH
in which, H = h+ z = waterlevel or waterhead;S = sourceand sink termsrepresentingain-

h3
Nbv/Sh

Manning's equationis used;n, = Manning’s coeficient; S, = watersurfaceslopeands; = 1. For

whenthe

fall, evapotranspiratiomndinfiltration. For overlandflow, h = waterdepth;K =

groundvaterflow, s; = storagecoeficient; K = transmisstity of theaquifef assumingnisotropic
material;K ~ kcﬁfor unconfinedflow in which h = waterdepthof the saturatedayerandk; =

hydraulicconductvity. Theflow vectoris computedusing
Q=KOH 2)

in which, Q = flow vectorgiving flow rateperunit width. Whena weightedimplicit finite volume

formulationis used,(1) canbe expressedor anarbitrarycell as(Lal, 1998)

At SAt

At
Hir:JTi—lz Hir,]j+a Qnet(Hn+l)_ +(1-a) Qna(Hn)ScTA+M

AA ©)

in which AA = areaof thecell; Qng = netinflow to thecell; a = weightingfactorfor semi-implicit
schemesn = time step;S_: weightedaveragesourceterm for the areaduringthetime step. For

therectangulagrid usedin thestudy Qne (H) is givenby
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Qnet(H) = Ki, 1 j(Hivaj—Hij) +Ki_g j(Himgj —Hij)

+Ki g (Hijra—Hi ) + K s (Hijoa—Hij) 4)

1
2
Explicit andtheimplicit methodsareobtainedby usinga = 0 and1.0 with (3) and(4).

NUMERICAL ERROR ANALYSIS

Numericalerrorsarepresenin computemodelsbecaus®f the useof discretevaluesto represent
continuousfunctionsexplaining flow conditions,and the use of numericalmethodsto approxi-
mately solve the governing equations. Texts by Richtmyerand Morton (1967) and Sod (1985)
aretwo of the early andrecentbooksthat describethe generalmethodsof Fourier analysisand
complex analysisusedin analyzingnumericalmethodsandin analyzingerrorsin the currentpa-
per. Hirsch (1989)describedhe adaptatiorof someof thesemethodsof stability analysisto error

analysis.

In this paper errorsareconsideredo beintroducedn threedifferentwaysevenif they canall

beclassifiedastruncationerrors.

(A) Errorsareintroducedwhentheinitial andboundaryconditiondataarerecordedandprovided
to the modelasdiscretevaluesin time andspace.Dueto this type of errorin "representa-
tion”, spectracomponentsn thesolutionwith frequencie®r wave numbersabove a certain

valueareeithercompletelytruncatedpr notrepresentedccurately

(B) Errorsareintroducedif the internaldiscretizationof the modelis not sufficient to carry the
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solutionover the entiretime and spacedomain. For example,evenif the time stepis suf-
ficient to describea boundarydisturbanceif the spatialdiscretizationis inadequateat any

pointin its path,the solutionmay not propagateccurately

(C) Numericalerrorsare also introducedwhen computationsare carriedout using the Fourier
componentshatareleft over anddid not vanishdueto reasongyivenin (A) and(B). Com-
puter modelsare basedon numericalapproximationdor derivatives, etc. They usefinite
differencesand other methodsfor theseapproximations. The truncationerrorsresulting

from theseapproximations@reconsideredere, andarecomputedusingFourieranalysis.

Higherfrequengy componentsn the solutionaresubjectedo theseerrorsmorethanthelower
frequeny componentsThey will be quantifiedusinganarbitrary Fouriercomponenbf the solu-
tion. Assumingthata componentanbedescribedisingits wave numberk (k = 21/ wavelength)
or frequeng f (f = 21/ period),thefollowing approximatesxpressionsvereobtainedor time or
spaceliscretizatiorerrors(A) and(B) of 1-D and2-D problems. A Monte Carlomethodwasused
to determingheseerrorsby representinglargenumberof different1-D and2-D wave shapesvith
randomwave numbersaandrandomphaseshiftsusinga uniform grid, andestimatinghe maximum

errorsbetweerthetrue solutionandthelinearly interpolatedyrid—basedolution.

@ = 058 or gg=40¢* forl-D (5)
@ = 0358 or g =7.8¢ for2-D (6)

in which, e = maximumpercentageliscretizatiorerror. The spatialdiscretizatiorerroreg exists

evenwith the smallesttime stepspossible. @ = kAx is the dimensionlesgorm of Ax. The same
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equationappliesfor time discretizationsvhen@ is replacedwith { in which = fAt. Quantity
¢ wasalsousedby Hirsch (1989)to make Ax dimensionlessgg only dependson the geometri-
cal shapeof the wave form. For 1-D problems,1% and5% errorsin discretizationfor example,
correspondo ¢ or Y equalto 0.5and 1.1 respectrely. For 2-D problems,they correspondo ¢
or ) equalto 0.35and0.80respectrely. An easierway to visualize@ or U is to considerthat
approximatelyg grid space®r discretizationsreneededo describehalf thewave lengthof asine
wave. It canbe seenthatapproximatelysix grid spacesare neededver the lengthof half a sine
wave to representt sothatthe maximumerroris < 1%. Threediscretizationger half sinewave
or @ = 1.05makesthe maximumerror < 4.5%. Equation(6) canalsobe obtainedusingactual

modelruns(Lal, 1998a).

The error explainedin (B) canbe understoodby realizingthat k and f of a single Fourier
componenarerelatedasaresultof thegoverningequationsTherelationshipbetweenf andk can
beobtainedfor diffusionflow usingsolutionsof theform H = Hoe! () andH = He (*+ky—11)
respectiely for 1-D and 2-D problemsin which | = /—1. In the caseof 2-D problems,k is
assumedo bethe samein bothx andy directionsfor simplicity. Substitutingthe above forms of
the solutionin the governingequationsit canbe shavn thatwave numberk of a sinusoidalwater

level variationin a semi-infiniteaquiferis relatedto the disturbingfrequeng f by
K
f=d—K 7
s (7)

in which,d = 1 and2 for 1-D and2-D problemsrespectiely. For a problemwith a constandis-

turbanceH = Hpsin( ft) maintainechttheboundarythe samesolutionis truewith d = 2 and4 for
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1-D and2-D problems.

Computational errors

To estimatecomputationakrrors(C), the behaior of the numericalschemdn responséo anar-
bitrary i th harmonicwith a wave numberk; = %‘ is comparedvith the behaior of the governing
equationwith respecto thesameharmonic.In theequationN = L/Ax in whichL is thelengthof
thedomainin x direction. A grid spacingof Ax would allow a minimumwave lengthA i &~ 2AX
anda maximumwave lengthAnax & 2L. In theanalysisaterm @ definedas@ = kiAx is usedto
representhei th harmonicin dimensionlesorm (Hirsch,1989). The subscriptis oftenremoved
for simplicity. A termy = f At canbedefinedsimilarly to represenaharmoniadn thetime domain,
in whichthefrequeng f = 21/ T,, and T, = wave period. @ is usedasthe dimensionlessariable

to describehe spatialdiscretization.

For numericalmethodshasedon finite differencesananalyticalexpressiorcanbe derivedfor

thenumericalerror(Hirsch,1989,Lal, 1998).
e=1-|G| (8)

in which, e = magnitudeof theanalyticallycomputechumericalerrorpertime stepasa fractionof
theamplitude;G = ratio of amplitudesof numericalandanalyticalsolutions,or the amplification

factorof thenumericalmethod.

_1-4d(1- a)Bsirt(@/2) 1

1+4dapsiré(@/2) ek ®)

B= S*:AA):Z = non-dimensionaform of At; d = 1,2 for one and two dimensionalproblemswith
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squareagrids. Equation(8) whichis derivedassumingheanalyticalsolution(7) (Hirsch,1989)can

be expandedo give

2n2 2 2742 2
_ PR dBgt | KA KK

& 7 2 T 22 | 12%

(10)

in which + and — signscorrespondo implicit andexplicit modelsrespectrely. The cumulatve
numericalerror after mary time steps.er, dependn the numberof time stepsn;, andthe error
at eachtime stepe. Error et is boundedby nig, in which ny = T /At. This boundis obtainedby
assuminghatthe errorsareadditive. In the sinecycle, theseerrorsareadditive for half the cycle

andsubtractve for the otherhalf. The boundis

e sTKkz_ £
T7BR s dp?

fT (11)

where,k = wave numberof the harmonic;T = maximumdurationover which a given harmonic
staysin the computationadomainandaccumulate®rrors. Examplesshovn belov demonstrate
how fT is computed.In the problemof a waterlevel variationdriven by a stationaryrainfall pat-
tern, fT = 11/4 becausehe erroris largestafter a quartercycle. In the problemof a waterlevel
disturbanceat the boundaryof a semi-infiniteaquifer the disturbanceravels at a speedof f /k,
andcoversadistanceX in time T making fT = kX. It canbe shovn using(16) describedater
thatthe absoluteerrorin this problemis maximumwhen fT = 1. Similarly it canbe showvn that

fT < 3 for mostpracticalapplicationgor which error < 5%.

Equation(11) can be simplified by using a truncatedTaylor seriesexpansion. For explicit,
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implicit andsemi-eplicit 1-D and2-D finite differencemodels,

er (eplimpl1D)  ~ TP (rp-) (12)
e (semi-impll-D) = fT[%—%(BZ—S—lo)] (13)
e (explimpl 2-D) = chpZ(iB—liZ) (14)
er  (semi-impl2-D) =~ fT[—%+¥(B2+1—;O)] (15)

The positive and negative signsapply for the explicit andimplicit methodsrespectiely. Semi-
implicit methodsusea = 0.5. Explicit 1-D and 2-D modelsadditionally require3 < 0.5 and
B < 0.25respectrely for stability. Numericalexperimentswill latershav thatoffsetsof B suchas
1/6 and1/12in (12) and(13) canbe neglectedespeciallywith implicit methodsusingrelatively
large 3. The above equationsalsoshawv that semi-implicitmethodsare secondorderaccuraten

time becausé is to the secondpower.

PROPAGATION OF ERRORS

Whenthe waterlevel in a canal,tidal bay or the oceanvaries,a disturbancen headis created
which travels away from the sourceof the disturbance Waterlevel changesiueto suchstresses
constitutean importantpart of the solutionin mary models. To understanchumericalerrorsin
suchsolutions propagatiorof a sinusoidadisturbancéd = Hpsin( ft) in asemi-infiniteaquiferis
studiedin 1-D. It canbe shown thattheanalyticalsolutionfor headin sucha semi-infinitemedium
is

H(x,t) = Hoe *sin( ft — kx) (16)
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in which, f = 2Kk?/s; accordingto (7). Theanalyticalsolutionfor dischageis givenby
Q(x,t) = v2KkHoe ™ sin (kx— ft— 2) 17)

Equation(16) shaws that the amplitudeH becomedessthan 1%, 5% and 37% of the starting
amplitudeHg when fT = kX > 5, 3 and 1 respectiely in which T and X are describedearlier
asthetime or the distanceof evolution over which errorsaccumulate. Thesevaluesshow that
thewaveformsbecomengyligible aftertraveling aboutonecycle. Insteadof the fixed percentages
suchas1% or 5%, if thedecayedamplitudeis expresseasa fractionaqy of the originalamplitude
in (16), theratio of theamplitudesof H(x,t) andHg or exp(—kx) = a4 canbeusedto expressthe

exactsolution(7) as

X2 Inag)?
KT Inag
sz~ 8w (19)

in which, T, = periodof thewave; L, = wave length. Theseequationsaresimilar to the equations
derived by Townley (1995)andusedby Haitjiema(1995)for transientstateanalysis.They canbe
usedto determinethe lengthandthe time scalesof a disturbancen a porousmediumwhenthe
disturbancénasaperiodT, or awave lengthL,. Thenumericalerroratadistancex from thepoint

of disturbances computedusing(11l)andfT = kX asdiscussecearlier

ke

eT(x) = WX (20)

Thisequatiorshavsthatasapercentagehenumericalerrorincrease$inearlywith x. Sincewater

level fluctuationsdecreasexponentially the absoluteerrorfirst increasesindthendecreasewith
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thedistancegiving amaximumer of approximately0.37¢?B, at f T = kX = 1.

In orderto verify the accurag of the analyticalestimatedor numericalerror, € valueswere
computedor a 1-D semi-infiniteproblemusingboth analyticalandnumericalmethods.The nu-
mericalexperimentinvolved studyingthe decayof the amplitudeof a sinusoidalboundarydistur
bancewith distance. The errorin the amplitudeof the numericalmodeler was determinedby
subtractinghe analyticalamplitudefrom the amplitudeobtainedfor the numericalmodel. Equa-
tions (16) and (17) were usedto computeanalyticalamplitudes. The graphof €1 againstx is
obtainedby subtractinghe analyticalamplitudeenvelopefrom the modelamplitudeernvelope.To
obtainthe modelamplitudeervelope, over 1000 cycles of sine waves were passedhroughthe
domainfirst until a sufficiently steadyinitial initial conditionis reached.Then,the ervelopewas
determinedy sendingover 200sinewavesuntil afairly steadyernvelopecurveis formed.Figurel
shawvs onesuchamplitudeervelopefor the MODFLOW model(@ = 0.8, 3 = 0.78)andits graph
of €1 versusnumberof grids pointsfrom the boundarywhenthe total numberof equallyspaced
grid pointsis 100. Errorsat the sinewave peaks(maximums)andtroughs(minimums)are both
shavn. Thegraphof €1 versusx is approximatelystraightnearthe boundaryandhasa gradient
ke/(B¢?) accordingto (20). Model valuesof € canbe obtainedfor variouscomputermodelsusing
this gradient. Eachof the numericalexperimentdeadsto onepointin the € versusf plot. Since
dimensionlesparameterareused,the actualphysicaldimensionsaandphysicalconstantsisedin
the testsare not important. The analyticalplot of € versusp was obtainedusing (8). Explicit,

semi-implicitandthe fully implicit MODFLOW modelsvalueswereobtainedusinga = 0.0,0.5
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and1.0withd = 1.

Figures2, 3 and4 shaw thee valuesobseredin the ADI, explicit andthe MODFLOW(PCG2)
modelsrespectiely andthe correspondingnalyticalvalues.A rangeof ¢ valuessuchas0.2,0.4
and0.8wereusedin theexperiments All thefiguresshav thatthe analyticalandnumericalplots
of € agreevery closely implying that the analyticalexpressiongderived for numericalerror are
accuratdor themodelsinvestigated Theseresultsaresimilar to theresultsshavn by Lal (1998a)
obtainedusing a waterlevel subsidencexperiment. Figure 3 shavs that the error measureds
the (numericalvalue— analyticalvalue)is smallwhenf3 ~ 0.16,andbecomesiegative whenf3 <
0.16. The dashedine in Figure 3 shaws that the approximateform of the analyticalsolutionin
(12) basebnatruncatedraylor serieds alsorelatively accurateThebehaior of errorwith 3 and

¢ for aproblemwith atriangularmeshis demonstrateé the paperby Lal (1998b).
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NUMERICAL ERRORSOF FLOW VELOCITY AND DISCHARGE
In overlandflow andgroundvaterflow modelsbasedon the diffusionequationsgdischage across

two neighboringcellsis
) — Hi

12 = K== (21)

inwhich,H; andH{} ; ; aretheheadsf thecells;Qi”+

M = flow ratebetweengellsperunit width.

1
27

In orderto computethenumericalerrorin theflow, a solutionfor a Fouriercomponentf theform

H"=H{ exp(l¢i) is substitutedn (21)to obtainQ = 2KH{I sin(@/2) /Ax. Usingananalytical

E+1/2
solutionof theform H(x,t) = Hoexp(—Kk?t) exp(Ikx) for whichthe numericalsolutionis H", the
governingequationcanbeusedto obtaintheanalyticalflow rateasQ(x,t) = KkIH (x,t). Theratio
betweenmumericaland analyticalamplitudesof Qi”+1 /2 andQ(x,t) cannow be usedto compute
thenumericalerroraseg = 1— 2|G| sin(@/2) /¢@in which |G| in (8) is computedasH"/H (x,t). €q

canberelatedto € for small@ usingthe approximateelationship

2sin($)
¢

EQRE (22)

in which eg = numericalerrorin dischage for onetime step,asa fraction of the analyticaldis-
chage for the specificFourier component.Numericalerrorsin flow velocity anddischage are
givenby the sameexpression.Comparisorof (8) with (22) shavs thatthe errorin the headand

thedischage areapproximatelythe samewith theformerslightly higher

Theaccurag of (22) canbe verified in the sameway it wasdonefor the head,by simulating
the propagatiorof sinusoidaldisturbancesn head,andobservingthe decayof the amplitudesof

thesinusoidadischageratewith distance.This methodis similar to themethodusedfor errorsin
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head.The methodis startedby first runninga modelfor along periodof time, passingover 10000
cyclesof wavesuntil a fairly steadywave shapes establishedstheinitial condition. Errorsare
computedby assuminghe analyticalsolution (17) to be exact. The gradientof the error versus
distancecurveis usedasbeforeto computeeq for themodel. Figure5 shavs aplot of eg with 3 for

afully implicit model(a = 1) wheng = 0.5,1.0,and1.5. Accordingto thefigure,the analytical

estimate®of errorcomparewell with thevaluesobseredin the models.

NUMERICAL ERRORSNEAR WELLS UNDER VARIABLE PUMPING RATES
Numericalerrorsof modelresultsare large closeto groundvater wells becauseof the extreme
cunvaturein the solution. The Thiem equationprovides an approximatebut efficient methodto
computewater levels very closeto a well whenthe waterlevel of the cell is known (Anderson
andWoessnerl991). Numericalerrorat andneara cell containinga well subjectedo a variable
pumpingrateis investigatedn this section. The resultsare usefulin selectingthe optimal dis-
cretizationfor nev models,andin evaluatingthe outputof existing models.All theformulasare
derivedfor anarbitrary Fouriercomponenbf the pumpingratetime series.Thewell is assumed
to be circular, andsituatedat the centerof a squarecell to simplify the derivations.Evenif some
of theseassumptionsnay not be true in the actualapplication,resultsof the studyare usefulin

understandinghe behaior of numericalerrorsnearwells.

Thefollowing equationgoverninggroundvaterflow aroundawell is usedfor theanalysis.

oH Ka , oH

S = ?g(rﬁ) (23)

Considera solutionin the form H = R(r)T(t) in which T(t) = exp(l ft). Using separatiorof
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variables(23) canbereducedo

2 2
r2d_R_Hd_R_Ier S _
dr2 =~ dr K

0 (24)

Using a characteristidengthA = /K /(fs), radiusr canbe madedimensionlesasf = r/A.
Similarly, t canbemadedimensionlessisingt = ft. Thegenerakolutionof (24) thatis alsofinite
atf — o canbeexpresseds

A

H(F, ) = cKo(F) exp(19) (25)

in which Ky(f) is a modified Besselfunction; c = a constantthat hasto be determinedfor the
specificproblemwith specificboundaryconditions. Considera well of radiusr,, pumpedwith
a sinusoidalpumpingrate Q(t) = Qosin(f). The constantc canbe determinedby assuminghat
Q(t) = flow rateat f = fy, of the solutionin (25) in which fy, = dimensionlessvell radius. This
assumptionis valid for most wells in South Florida where the storagecapacityof the well is
negligible. Substitutinge into (25), it is possibleto obtainthe analyticalsolutionof the pumping
problemas

H(f,f):A—K(rr)sin(f) for > fu (26)

sin(f) (27)

Equation26 shows thatthe amplitudedecaysrapidly with distanceas exhibited by the behaior
of Ko. Equation26 is usedasthe exact solutionwhencomputingthe numericalerrorin a square
finite differencecell. Table1 shaws the variationof the portion Ko(f)/(fwK1(fw)) of (26) asan

indicatorof this amplitude.Thetableshows theinfluenceof thewell; for example,whenf > 2.75
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andr,y =0.5or less,theamplitudeof the waterlevel fluctuationwill decayto lessthan5%. When

fw =0.1,thenf > 1.95for theamplitudeto decayto 5%.

In orderto determinghenumericalerrorin amodelwhenusedto simulatepumping,aAx x Ax
squarecell containingthewell is simulatedoy approximatingt asanaxisymmetrigproblem.The
squarecell is approximatedasa circular areaof an equvalentradius. The headat this radiusis
consideredas the model headfor that cell. The equialentproblemis solved by assumingthe
solutionto bein theform (25) with avalueof c to be determinedisinga waterbalancesquation.
Integral form of the continuity equationfor the cell is asshavn below, in which the first termis
the pumpingrate,the secondtermis the seepageatethroughthe cell wall, andthe third termis

therateof changeof total watervolumein thecell.

oH fa oH
—Q(t) 4+ 2rrcK (W) . ~ r:()Zrlrscﬁ dr (28)

in whicharadiusr; = a;Ax is usedto computethe approximateseepageateinto the Ax x Ax cell.
AndersorandWoessne(1991)usedr. astheradiusof awell atwhichthedravdown for pumping
rateQ(t) is given by the numericalsolutionbasedon a grid spacingAx. Theradiusry = a;Ax =
radiusat which the squarecell areais equalto the areaof the circle. The valueof a. is 0.208
(Andersonand Woessner1991),andthe value of ag is 0.564because\x? = 1r2. The pumping
rateis assume@sQ(t) = Qpsin( ft). Thevalueof c obtainedby substituting(25) into (28) is used
in (25) to obtainthe headin thenumericalmodelas
ScQoKo () sin(f —fo

He(,0) = g o ek “
2TK P Ky (Fe) [1+ (rMKfEr))> }

~+)
N—r
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in which, Mo(ra) is definedas

fa

Mao(fa) = |~ FKolF) of (30)

to = atime lag error which is not investigatedfurther in the currentstudy Value of H = H,

obtainedatf = f¢ in (29) is consideredsthe numericalvalueof the cell containingthewell. The
exactsolutionis givenby (26) at aradiusf = f; = 0.208Ax. They differ in amplitudeandphase.
Thedifferencen amplitudeis usedto computetheapproximatenumericalerrorby first computing
theratio C; betweernthe amplitudesof the numericalandexact solutions. The approximateerror
in amplitudeis &, = 100(1 — C;), comparedo a well of effective radiusr.. Using(29) and(26),

Cc canbeexpresseds

Com L (31)

[ ()]

To computethe numericalvaluesof g, fc = acAxy/(fs./K) andfy = aaAxy/(fsc/K) areused

with ac = 0.208anda, = 0.564. Table 2 shows the valuesof €, obtainedfor variousvaluesof
Axy/(fsc/K). It shaws thatthe amplitudesof headin the numericalmodelarelessthanor equal
to exact values. Table 2 also shawvs that when Ax,/(fs;/K) is larger than about1.4, the error
in the cell containingthe well is morethan5%. WhenAx,/(fs./K) > 5,theerroris larger than
43%, andthe cell sizeis comparatiely larger thanthe radiusof influenceof the well. The dy-
namicsof waterlevel fluctuationin the well at this point aredominatedoy the storageof waterin
thecell. Error g, is the smallestnumericalerror possibleastime stepAt — 0. Linear superpo-

sition canbeusedto computetheeffectsof multiple wellswith steadyandunsteadydumpingrates.
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In orderto verify theseresults atestis carriedoutwith a50 X 50 cell MODFLOW modelwith
2000m squarecellsin aconfinedaquiferof K /s = 500, usingasinusoidabumpingrateof avari-
ablepumpingfrequeny f atthe middle. About 200 pumpingcycleswereusedfirst to obtainan
initial conditionfor thetest. About 200 morecycleswereusedto obtainthe maximumamplitude
in headfor for a givenfrequeng. Thetime stepwasselectedsothat < 0.08,andthereforethe
time stepis too smallto causesignificanterrors. Table 3 shaows the €, valuesobtainedusingthe
MODFLOW model,andthe correspondingnalyticalvaluesobtainedusing(31). It shovsthatthe
valuesagreewell, andthat the methodcan be usedsuccessfullyfo computenumericalerrorsin
amplitudeneargroundvaterwells. The results,which do not dependon actualdimensionsalso
indirectly confirmthatthe valuesof ac. = 0.208anda, = 0.564usedaresufficiently accurate Er-
rorsin the numericalmodelcanbelargerbecaus®f errorsof O(At) andboundaryeffects. Errors
further away from the well canbe aslarge asthe fraction of the amplitude. Theseerrorscanbe

determinedapproximatelyusing(11).

NUMERICAL ERRORSUNDER STEADY STATE
Numericalerrorsundersteadystatedueto disturbancegsausedy the sourceterm canbe deter
minedby usingmethodssimilar to thoseusedunderunsteadyconditions.Sincesteadystatesolu-
tionsareboundarydependenta sourceterm S(x,y) = 2EoKk?exp(1kx) exp(Iky) is usedto create
asolutionof (1) faraway from theboundarieshatcanbe solvedbothanalyticallyandnumerically
Sucha sourcetermcanbeintroducedusinga variablerainfall distribution. The analyticalsolution
of the problemcanbe shawvn to be of the form H (x,y) = Egexp(Ikx) exp(Iky). To obtainthe nu-

mericalsolution,considefanarbitraryFouriercomponent; j = Eexp(l ¢i) exp(l@j). Substituting
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this componenin the finite differenceform of the governingequationsand computingthe ratio
of amplitudesof numericalandanalyticalforms,anestimatefor the percentagerrorin amplitude

canbeestimateds

55:100(1— ¢ >z—1oo<f+£+...> (32)

4sin2(%) 12 240
in which, g5 = steadystateerror asa percentagef the solutionamplitude. The equationshowvs
for examplethates exceeds6% wheng exceedd).763. Thecorrespondingaluesfor 1% and10%
are0.345and 1.064respectrely. Equation(32) canbe verified by making steadystaterunsfor
conditionswith steadysourcetermshaving sinusoidalintensity variations. Model runs shoved

thatthe errorequationcanbe verifiedup to 4 decimalplacesof precision.

NUMERICAL ERRORSNEAR WELLS UNDER STEADY STATE
Numericalerrorsarelarge nearwells becaus®f the curvaturein thesolution. The Thiemequation
is usedto computethe headdistribution analyticallywhenthewaterlevel in the cell containingthe

well is known. Thiemequations expresse@s

Ha — Hy

in(r2/rD) (33)

Q= 21K

in which, Q = pumpingrate;subscriptsl and2 representhewell andthe cell valuerespectiely.

ro = 0.208Ax is usedwith squaregrids.

In orderto represennumericalerrorsin dimensionlesgorm, all the errorsare normalized
againstthe dravdown of the cell containingthe well or the"centercell”. Thewell is assumedo

be positionedat the centerof the squarecell. The problemof determiningthe discretizatiorthen
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becomes problemin geometryin which the errorin dravdown is expressedn termsof r; /Ax,
in whichr; is theradial distanceto a referenceelevationor the radiusof influence. The radiusof
influencecanbe computedusinga numberof empiricalandsemi-empiricakquationsoutlinedin
the text by Bear(1972). For differentvaluesof r; /Ax, the numericalerrorin the dravdowns of
differentcellsincludingthe cell containingthe well canbe obtainedusingnumericalmodelruns.
Thedravdowns of differentcells aremeasuredvith respecto a point at a radial distancer|, and
theerrorsarecomputedassuminghatthedravdownscomputedising(33) areexact. All errorsare
presentedspercentagesf thedravdown of thecentercell, whichis assumedo beequivalentto a
well of diametel0.208\x. A 50x 50 cell grid wasusedto runthenumericaimodel.Figure6 shavs
thevariationof theerrorobtainedor cellsatvariousdistancesThreelevelsof discretizatiorgiven
by r| /Ax = 6 and14 alongthe axisand7 alonga diagonalareshavn in the plots. All theplotsin
log scalefollow anapproximatelylinearbehaior. If r; /Ax is lessthanabout7, the discretization
is very coarseandonly a few pointsareavailableto make a plot in Figure6 makingsucha plot

lessreliable. The percentagerrorin thefigure canbe expressedpproximatelyusing
£ = 2.O7exp(—0.726Ar—X), AX<T<T, (34)

in which, € = errorasa percentag®f the dravdown in the centercell. The sameequationcanbe

written to expresstheabsoluteerroras

_ Q r r

Theseequationanalsobe usedto obtainAx for a modelif the maximumerrorallowedat a dis-

tancer from thewell is known. Superpositions possiblewith errorsaswith headsn the caseof
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multiple wells.

NUMERICAL ERRORSIN THE SOURCETERM

Rainfall andevapotranspiratioareconsideredssourcetermsin the equationgoverningoverland
andgroundvaterflow. The sourcetermis a majorcontributor to stressmainly in regionalmodels
whenfar away boundariediave only a limited dynamicinfluence.Stressemtroducedhroughthe
sourceterm createwaterlevel variationsthataresubjectto errorsduring computationsssociated
with the sourcetermaswell asotherterms. A spatiallyandtemporallyvaryingrainfall patternis

usedto studyerrorsin the sourceterm.

It canbe shavn thata solutionin the complex form H = Hosin(lkx+ Iky — | fit) satisfieghe
governingequation(1) if the sourcetermdescribingrainfall excess(rainfall - evapotranspiration)
is expressedis S= scHoy /(2 + f2) cos(kx+ky— fit —y)) in which k = the wave number; f; =
frequeny describingthe rainfall pattern; fy = dKk?, y = tan*(f, /fx). The above equationfor
H is usedto obtainthe analyticalsolutionwhencomputingnumericalerrorsduring the following

experiments.

An analytical expressionfor the numericalerror createdby the sourceterm is obtainedby
isolating the sourceterm, determiningthe error generateddy it, and combiningwith the error
generatedy the diffusionterm. A solutionof the form Hgsin( f|t) satisfieshe truncatedform of

(1) withouttheseconderivativetermswhenS= s. f{Hpcoq fit). Considethefollowing weighted
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implicit finite differenceequatiorfor thetruncatedequation.
n+1 n At +1
H™ " =H, +g(0‘§n +(1-a)s) (36)

Numericalerrorin (36) canbe computedby comparingthe analyticalsolutioncorrespondingo
Hi”“, or Hi(t + At), whichis Hpsin( fit + fjAt), with the numericalsolutionobtainedby substitut-
ing §' = s:fiHi coq fit) in (36). After algebraicmanipulationsg;, the maximumnumericalerror
introducedhroughthe sourcetermasafractionof theamplitudecanbe expressedisapercentage

of theamplitudeas

g = \/ljJ|2—2Lp| siny, +4sin2(%)[1—0((1—0()w|2] (37)

in which, g, = f|At. For fully explicit andimplicit methodsthe expressiorreducego

2
g = \/Lpﬁ—ztpl siny, +4sin2(%) ~ w—z'—%%—... (38)

The ) valuescorrespondindo 1%, 5% and10% errorsare0.448,0.673and0.802respectiely.
With centraldifferencing thesenumberdecomel.073,1.413and1.593respectrely. Thenumer

ical errorasaresultof boththe sourcetermandthediffusiontermis assumedo be

& =/€2+¢€? (39)

in whiche is theerrorin onetime stepdueto thediffusiontermsalone,computecearlierusing(8).

Theaccurag of g in (39) is testedby simulatingthe stressnducedby two onedimensional
rainfall patternaN = Npsin(kx— fit)) travelingin oppositedirections.The valueof 3 requiredto

estimatee is computedusing = /@ in which, Y = f At and fy = Kk?/s.. Figure7 shavs
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thevariationof thenumericalerrorfor afully implicit 1-D modelundersuchsourceinducedflow
conditions. Resultsare shovn for two setsof ¢ and3 values. Up to 20 cyclesof spatialwaves
weresimulatedn the experimentusing100grid points. Over 4000time cycleswereusedto create
the initial conditionbeforethe experimentwas carriedout asbefore. The figure shavs thatthe

numericalandanalyticalestimatesgreeapproximately

APPLICATION TO AN EXISTING MODEL IN SOUTH FLORID A

A numberof hydrologicmodelsareusedin SouthFloridato solve problemsof variousspaceand
time scales. Thesemodelsare basedon the samegoverning equationsand have mary similar
characteristics The SouthFlorida Water ManagemenModel (SFWMM) (SFWMD, 1997, Fen-
nema,etal., 1994)developedby the SouthFlorida WaterManagemenbDistrict (SFWMD) is one
of theregionalmodelsusedin thearea.SFWMM is a physicallybasedverlandandgroundvater
flow model. It simulatesflow over a very large part of SouthFlorida. The modelusesa 3.2 km

(2 mile) squaregrid, anda 6 hr. time step. Time seriesdatafor the boundaryconditionsandthe
sourcetermareprovidedat 1 daytime steps.In orderto evaluatethe validity of the diffusionflow

assumptionin the model, first considersomeavhat extremevaluesof waterdepthh = 1 m, and
slopeSy = 2-5x10° in the Centraland SouthernEvergladesduring wet periods. Thesevalues
canbe usedto computethe wave periodof the shortestourier componenthatcanbe simulated,
using Tp = 30y/(h/g)/S ~ 4 days,assuggestedy Ponce(1978). This equationis basedon a
maximumamplitudeerrorof 5%. Theequatiorshavs thatthediffusionassumptioris valid unless
eventsof shorterdurationare simulated.If however the slopesarelarge, andthe depthsarelow

asin certainareaf the Evergladesthe modelcansimulateeventsof shorterdurationusingfiner
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discretizations.

The 3.2 km (2 mi) grid andthe 6 hr time stepin the SFWMM canrepresenvariousFourier
componentsn the solutionwith variousaccuracies.Table 4 shavs errorsof representatiomnle-
scribedin type (A) or (B) for differentFouriercomponentsgcomputedusing(5) and(6). It shavs
thatthe SFWMM canrepresenFouriercomponent®f wavelengthassmallas18 km andperiodas
smallas5.7 dayswith anaccurag of 5%. Usingatypical high valueof K = 250n? /s for overland
flow obtainedusingh~ 1 m, S ~ 2 x 10~° andn, ~ 1 for the deepportionsof the Everglades,
a Fourier componenbf wave length 18 km in spacecanbe shown to be associateavith a wave
periodof 2.5 daysin time accordingto f = 2Kk2. Thetime steprequiredto represent Fourier
componenbdf period2.5 dayswith amaximumerrorof 5% is approximately0.4 days.In thecase
of groundvater assumingatypical high valueof K = 8 n? /s foundnearthe Lower EastCoastof
SouthFlorida,Fouriercomponent®f period77 daysandlargercanberepresentedsingthesame
spatialgrid. Datapresentedat 14 day intervals are sufficient to describestresse®f this period.
Any high frequeny componenin the groundvaterflow generatedy daily datais not supported

by the spatialgrid.

In orderto computethe numericalerror due to waterlevel changesat internal and external
boundariesconsidera waterlevel fluctuationof amplitudel m andperiod 6 daysneara canal
asan example. The amplitudeat a distanceof 6.4 km or two cells is computedby first obtain-

ing k using f = 2Kk? as1.557x 10~%s~! andthenusing(16). The amplitudeat the distanceis
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1.0 x e = 0.37m. Assumingthat@ = kAx = 0.5, 3 canbe shavn to be 0.52. Sincep > 0.25,
it canbe seenthatan explicit modelis unstableunderthe conditions. For animplicit model,the
erroris approximately(1/2)kx¢?B or 6.5%of theamplitude andtheabsoluteerroris 6.5%o0f 0.37
m or 24 mm. Thepercentagerrorin dischagefor this cases alsoapproximately6.5%. Theerror

is largestwhen fT = 1, or atadistanceof 7 km.

Theerrordueto rain drivenwaterlevel fluctuationsis proportionalto therainfall intensity In
SouthFlorida, this is oneof the largestdriving forcesof hydrology andalsothe largestpotential
sourceof errorin models. For a stationaryrainfall intensity patterndescribedoy a periodof 12
daysandawave lengthof 18 km for example ; = f;At = 0.524,andtheerrorg; = 13.6%accord-
ing to (37). For thestressesmducedby thisrainfall, = 1.1,andf3 = 0.52which givesetr = 6.7%
whenusing fT = 11/4 and(12). The total numericalerror dueto both sourceterm anddiffusion
termcomputationgsaresultof rain drivenflow cannow be computedising(39)to give 15.2%.If
thewave lengthof therainfall densitypatternis 18 km or less,therainfall datahasto be collected
with a spatialresolutionof 3.2 km to maintaina <5% errorin theinput datainterpretation When
rainfall datais collectedatalowerresolution themodelwill containonly thecorrespondindpwer
frequeny componentsln SouthFlorida, shortdurationsmall scalerainfall eventsaccountfor a
large part of the total rain, and have to be representecccuratelyif thesecomponentsareto be

representedccuratelyin models.

To demonstrateéhe accurag of the SFWMM in simulatingwaterlevels neara pumpingwell,
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useTable2 andselectAx,/(fs./K) < 1.4for theerrorin the centercell to belessthan5%. With
3.2km cellsandK = 8 m?/s for groundwvate this correspondso a pumpingcycle of period> 48
days.This exampleshavsthatheadscomputechearawell have large errorsexceptin casesvhere
the pumpingrateschangevery slowly. Table1 showvs thatthe amplitudedecayso lessthan0.5%

after5 cells. The steadystateerroris lessthat1.1%of the steadystatedravdown of thecentercell.

Thenumericalerrorin thefinal modeloutputis a combinationof errorsin varioussteadyand
unsteadystatestresscomponents.When the numericalerror is neededat a given point in the
model,thefirst stepis to find the sourceof the stressesandtheir spatialandtemporalcharacteris-
tics. Whenthey arefound,the principle of superpositiortanbe usedto find theerrorsdueto each
of the stressesIn mary partsof the Everglades,stressesre mainly dueto rain andcanallevel

fluctuationsthatresultfrom the operationof pumpsandwatercontrol structures.

SUMMARY AND CONCLUSIONS

The studyshows that numericalerrorsresultingfrom spatialandtemporaldiscretizationsanbe
explainedusing dimensionleswvariables@ and 3 respectiely. The resultsshaws that the error
generallyincreasewith both @ and 3. For a given spatialdiscretizationg, it canbe shavn that
the errorcannotbereducedoelov a certainvalueunlessyp is alsoreduced.Similarly, the errorfor
a given 3 cannotbe reducedunless too is reduced.Using@ < 1.1 andy < 1.1in the caseof
1-D, errorsof spatialandtemporaldiscretizationcangenerallybe keptbelov 5%. Usingnumeri-
cal experimentswith explicit modelsandimplicit modelssuchasMODFLOW, andusingvariable

boundarywaterlevels, variablerainfall patternsandvariablewell pumpingrates,it waspossible
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to shav thatnumericalerrorsin a variety of finite differencemodelscanbe computedusingthe
proposedanalyticalequations.Testresultsalsoshav thatthe analyticalerror estimatesbtained
for steadystateproblemswith a steadyrainfall patternareaccurate.Numericalerrorsotherthan
amplitudeerrorsresultingfrom materialheterogeneitiegjiscontinuities,or boundaryeffectsare

not consideredn the study

In the caseof the experimentusinga variableboundarywaterlevel, the resultsshav thatthe
maximumerrorasa percentagef theamplitudeincreasedinearly with distancefrom the bound-
ary. Theresultsalsoshav thatthe maximumerrorin the dischage behaessimilarly. By usinga
steadywaterheadprofile generatedy a steadyrainfall pattern,it waspossibleto shav thateg >
5%if @> 0.763.By usingrainfall patternschangingwith time, it wasalsopossibleto shav thatthe
errorg; in computationsnvolving the sourcetermis >5% wheny; > 0.673wherel; describes
thetemporaldiscretizationof the rainfall. Usingpumpingexperimentscarriedout atacell in the
MODFLOW model,it wasshavn thatthe numericalvalueof the amplitudein the cell containing
thewell decreasewith increasingcell size,andtheerror > 5%whenAx > 1.4,/(K/fs;). Results
usinga steadystatepumpingproblemshaow thatthe errorin the dravdown of the cell containing
thewell whenr,, = 0.208Ax is about1%, andreducegapidly with radialdistance A summaryof
someof the practicallyusefulequation®btainedduring the studyareshovn in AppendixA. The
study shows that sufficient spatialdiscretizationsand matchingtemporaldiscretizationanustbe

usedif agivenFouriercomponents to berepresentedccuratelyin amodel.
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APPENDIX A

A Summary of practically usefulequations
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TableA.1: Practicallyusefulformulasin approximateform. In the equations,f = frequeng of

thedisturbancen waterlevel; K = transmissiity of theaquifer

Equation

Reference

X/(fse/K) = 4.3

Ax=11,/K/fs

Ax=0.5\/Keq/fs

KAt/AxPs, = 0.14

X is the distanceat which a 1-D disturbance
of frequeny f would decayto 5% of the

amplitude.

Ax givesthe spatialdiscretizationneededo
represent watersurfaceprofile with 5% ac-
curag. Theprofileis createdby adisturbance

of frequeng f.

Ax neededo representhe samespatialdis-

cretizationwith agq % accurag.

At givesthetime stepneededf thenumerical
erroris limited to 5% of thedisturbingampli-

tude.



Axy/(Fse/K) < 1.4

Ax\/(fsc/K)=5

ry/(fsg/K)=2.75

€ = 2.07exp(—0.726r /AX)

Ax givesthe size of a squarecell neededo
solve theamplitudeof awell fluctuationwith

amaximumerrorof 5%.

givesa practically usefulupperboundof Ax
thatcanbeusedto modelapumpingwell (er-

ror < 40%).

r istheradiusatwhichtheamplitudeof awell
with f, = 0.5 decay42o 5% of the amplitude

of thewell.

€ givesthe numericalerror of a steadystate

well asa percentagef thedravdown.

37
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APPENDIX B

Definition of variables

Variable Definition

A areasimulatedby the model(n?).

fi frequengy of therainfall pattern.

g gravitationalacceleration.

h waterdepth,(m).

H waterlevel or waterhead(m).

He errorin the steadystatesolutionnearawell.

K transmissiity of aquifer for groundvater flow; h%/(nb\/§) for overland flow,
mé/s.

Ko, K1 modifiedBesselfunctionsof type0 and1l.

r radialdistancerom the centerof awell.

F =r,/(fs/K) = dimensionless.

fw well radiusin dimensionalestorm.

S sourcetermrepresentingainfall andevapotranspiration.

S storagecoeficient

T time duringwhich aharmonicin the solutionevolves,(s).

X,y distanceslongx,y coordinateaxes,(m).

X distancestwhich a disturbances measured(m)

a time weightingfactorin theweightedimplicit scheme.
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Variable Definition

B KAt /(s:Ax?), dimensionlessime step.

AA areaof acell, (m?).

AX sizeof asquarecell.

€ maximumlocal numericalerror peronetime stepasa fraction of the local ampli-
tude.

€Q numericalerrorin dischage asapercentagef dischage.

€s numericalerrordueto computationsssociatedvith the sourceterm, asa fraction
of thelocal amplitude.

eT maximumlocal numericalerrorasa fractionof thelocal amplitude.

(0} dimensionlesspatialdiscretizatiordefinedaskAx.

)] adimensionlessime discretizatiordefinedas f At.

W

adimensionlessime discretizatiordefinedas f| At.
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FIGURE CAPTIONS

Figure 1: Variation of numericalerror and amplitudewith distancefrom the boundaryfor the

MODFLOW model.

Figure2: Variationof numericalerrorwith spatialandtemporalresolutionsfor the ADI method.

Linesshaw analyticalvaluesandsymbolsshowv valuesobseredin themodel.

Figure3: Variationof numericalerrorwith spatialandtemporalresolutionfor the explicit method.

Linesshaw analyticalvaluesandsymbolsshowv valuesobseredin themodel.

Figure4: Variationof numericalerror with spatialandtemporalresolutionsfor the MODFLOW

model.Linesshown analyticalvaluesandsymbolsshowv valuesobseredin the model.

Figure5: Variationof errorin dischage for a fully implicit model. Lines shov analyticalvalues

andsymbolsshav valuesobsenedin themodel.

Figure6: Variationof steadystatenumericalerrorwith radialdistance.

Figure7: Variationof errorin the sourcetermwith (. Linesshow analyticalvaluesandsymbols

show valuesobsenredin themodel.
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Table 1: Amplitudes of water level fluctuationsgiven by (26) for various well radii fy, =

acAxy/(fsc/K) representingzariousdiscretizations. Valuesof Ko(f)/(fwKi(fw)) areshowvn in

thetable.a. = 0.208.

-

fw| 0.01| 0.05| 0.1 0.5 1.0 2.0 5.0 10.0

0.01| 4.722| 3.115| 2.428| 0.925| 0.421| 0.114| 0.004| 1.8 x10™°

0.05 3.128| 2.438| 0.929| 0.422| 0.114| 0.004| 1.8 x107°
0.1 2.463| 0.938| 0.427| 0.115| 0.004| 1.8 x107°
0.5 1.116| 0.508| 0.137| 0.004| 2.0 x107°

2.0 0.407| 0.013| 6.0x10°°
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Table2: Variationof gy, theerrorin the amplitudeof the cell containinga well asa percentag®ef

its exactamplitude,with dimensionles@x for a squaregrid. C, theratio betweenamplitudess

alsoshown.

Axy/(fse/K) 0.01 0.02 0.05 0.1 0.2 0.5
Ce 1.0000 0.9999 0.9997 0.9990 0.9967| 0.9844
Ew (%) 4.20010 7 | 5.13010 ° | 1.35110 % | 1.50810 ° | 1.564 10 2 | 0.289
Axy/(fse/K) 1 2 5 10 20

Ce 0.9523| 0.8886| 0.5640| 0.2563| 4.3228 102

ew (%) 2.13| 11.1| 43.6| 74.4 95.7




Table3: Comparisorof valuesof €, obtainedanalyticallyandusingthe MODFLOW model.

AX/(fse/K)
ew (analytical)

ew (MODFLOW)

¢

0.54

0.4%

4%

0.27

1.53 6.10

6% 52%

5% 71%

0.76 3.05

8.63

68%

82%

4.31

46
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Table4: Characteristic®f various1-D and2-D Fourier componentghat canbe representedby

usinga 3.2km (2 mile) grid cell anda 1 daytime step.

Wave length(1-D) (km) | 41

Wave length(2-D) (km) | 57

Max. error (%)

1%

5%

18 | 13

25 | 18

10%

6

8

50%

4

5

19

27

100% | 4.5%

Wave period(Days)

Max. error (%)

12.8

1%

5.7

5%

4.1

10%

1.8

50%

1.3

100%

4.5%
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Figure 1: Variation of numericalerror and amplitudewith distancefrom the boundaryfor the

MODFLOW model.
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Figure2: Variationof numericalerrorwith spatialandtemporalresolutionsfor the ADI method.

Linesshaw analyticalvaluesandsymbolsshow valuesobseredin themodel.
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Figure3: Variationof numericalerrorwith spatialandtemporalresolutionfor the explicit method.

Linesshaw analyticalvaluesandsymbolsshowv valuesobseredin themodel.
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Figure4: Variationof numericalerrorwith spatialandtemporalresolutionsfor the MODFLOW

model.Linesshown analyticalvaluesandsymbolsshowv valuesobseredin the model.
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Figure5: Variationof errorin dischage for a fully implicit model. Lines shov analyticalvalues

andsymbolsshav valuesobsenedin themodel.
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Figure6: Variationof steadystatenumericalerrorwith radialdistance.
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Figure7: Variationof errorin the sourcetermwith (. Linesshow analyticalvaluesandsymbols

show valuesobsenredin themodel.



